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Abstract
In 2011, Khurana, Lam and Wang define the following property.
(*) A commutative unital ring A satisfies the property “power stable
range one” if for all a, b ∈ A with aA + bA = A there are an integer
N = N(a, b) ≥ 1 and λ = λ(a, b) ∈ A such that bN + λa ∈ A×, the
unit group of A.
In 2019, Berman and Erman consider rings with the following property
(**) A commutative unital ring A has enough homogeneous poly-
nomials if for any k ≥ 1 and set S := {p1, p2, ..., pk}, of primitive
points in An and any n ≥ 2, there exists an homogeneous polynomial
P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn] with degP ≥ 1 and P (pi) ∈ A×
for 1 ≤ i ≤ k.
We show in this article that the two properties (*) and (**) are
equivalent and we shall call a commutative unital ring with these
properties a good ring.
When A is a commutative unital ring of pictorsion as defined by
Gabber, Lorenzini and Liu in 2015, we show that A is a good ring.
Using a Dedekind domain built by Goldman in 1963, we show that the
converse is false.
1 Introduction
In this paper we consider only commutative and unital rings. As usual A× de-
notes the unit group of A and ring homomorphisms send 1 to 1. In particular
if A is the ring reduced to {0} then A× = A.
In 2011, Khurana, Lam and Wang ([K.L.W], Definition 1.1 p. 123) were
interested in the notion of “rings of square stable range one” which can be
seen as an extension of the notion “n is the stable range of a ring” as defined
by Bass in 1964 ([B] p.498).
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One says that a ring A satisfies the property “square stable range one” if
for all a, b ∈ A with aA + bA = A, there is λ ∈ A such that b2 + λa ∈ A×,
where A×.
In the epilogue of their paper ([K.L.W], p. 141) they give a generalization
of the property “square stable range one”, namely the property “power stable
range one”. This notion is the following.
A ring A satisfies the property “power stable range one”, if for all a, b ∈ A
with aA + bA = A there are an integer N = N(a, b) ≥ 1, λ = λ(a, b) ∈ A
with bN + λa ∈ A×, the unit group of A.
Let us re-interpret this notion in terms of primitive polynomials.
Let A be a ring. A point p = (x1, x2, ..., xn) ∈ An is called primitive if∑
1≤j≤n xjA = A. A primitive point (a, b) ∈ A2 is a good point if there are
an integer N = N(a, b) ≥ 1 and λ = λ(a, b) ∈ A with bN + λa ∈ A×.
We can so define a family of rings namely,
(*) A ring A is a good ring if the primitive points in A2 are good points.
Before going further we remark that ifA is a ring and p := (x1, x2, ..., xn) ∈
An is such that P (p) := P (x1, x2, ..., xn) ∈ A× for some homogeneous poly-
nomial P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn] of degP ≥ 1, then p is prim-
itive. Reciprocally if p := (x1, x2, ..., xn) ∈ An is primitive then there is
W (X1, X2, ..., Xn) :=
∑
1≤i≤n uiXi such that W (p) ∈ A×.
Now generalizing this equivalence, we define a new family of rings as
suggested in [B.E], namely
(**) A ring A has enough homogeneous polynomials if for any k ≥ 1 and
set S := {p1, p2, ..., pk}, of primitive points in An and any n ≥ 2, there exists
P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn]) with P homogeneous, degP ≥ 1 and
P (pi) ∈ A× for 1 ≤ i ≤ k.
Note that property (**) can be expressed in terms of the geometry of
Pn−1A := ProjA[X1, ..., Xn]. Namely let p ∈ An be a primitive point, one
can associate to p, a section σp : SpecA → PnA of the structural morphism
pi : Pn−1A → SpecA. Then we can consider the family of rings.
(***) A ring A has the avoidance property if for any k ≥ 1 and set
S := {p1, p2, ..., pk}, of primitive points in An and any n ≥ 2, there exists
P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn]) with P homogeneous, degP ≥ 1 and
V+(P ) ∩ σpi(SpecA) = ∅ for 1 ≤ i ≤ k.
One can also consider the “a priori” less restrictive family of rings,
(****) A ring A has enough homogeneous polynomials in two variables, if
for all finite set S := {p1, p2, ..., pk} of primitive points in A2 with cardS :=
k ≥ 1, there is P (X1, X2) ∈ A[X1, X2], with P homogeneous, degP ≥ 1 and
P (pi) ∈ A× for 1 ≤ i ≤ k.
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A main result (theorems 2.1 and 2.2) is that each of the four properties
(*), (**), (***) and (****) characterizes the good rings.
It is more subtle to express the property of good point in a geometric
way, namely.
Let (a, b) ∈ A2 a primitive point. Let A[x, y] := A[X,Y ]
X(aY−bX)A[X,Y ] where
x (resp. y) is the X (resp. Y ) image. Moreover A[x, y] is endowed with
the induced A[X, Y ]-graduation. Let S = S(a, b) := Proj(A[x, y]), then
OS(a,b)(S(a, b)) is a free rank two A-module (proposition 3.1).
Moreover (a, b) is a good point iff OS(a,b)(1)(S(a, b)) is a torsion element
in the Picard group of OS(a,b)(S(a, b)) (theorem 3.1) and so A is a good ring
if and only if for all primitive point (a, b) ∈ A2 and for all S = S(a, b),
OS(a,b)(1)(S(a, b)) is a torsion element in the Picard group of OS(a,b)(S(a, b)).
In particular it follows that if for all primitive point (a, b) ∈ A2, the Picard
group of OS(a,b)(S(a, b)) is a torsion group, then A is a good ring.
More specifically, let A be a pictorsion ring, i.e. for all ring B which is fi-
nite over A, its Picard group Pic(B) is a torsion group ([G.L.L], definition 0.3,
p. 1191). As OS(a,b)(S(a, b)) is a free rank two A-module (proposition 3.1),
it follows that OS(a,b)(1)(S(a, b)) is a torsion element in Pic(OS(a,b)(S(a, b))).
It follows that any pictorsion ring A is a good ring.
A question is to know if there are good rings A with Pic(OS(a,b)(S(a, b)))
is not a torsion group.
The answer uses ([G], corollary 2 p. 118), a 1963 paper where Goldman
shows the existence of a Dedekind domain A with Z[X] ⊂ A ⊂ Q[X], A
M
finite for all maximal ideal M and such that its ideal class group isn’t a
torsion group. Such a ring is a good ring but not a pictorsion ring.
Outline of the paper.
In section 2, we define good rings and rings with enough homogeneous
polynomials. We prove the equivalence of the two notions. Moreover we
rephrase this in terms of sections of the A-scheme PnA. We give also some
examples of good rings.
In section 3, we give a geometric characterization of good points and good
rings in terms of Picard group.
In section 4, we discuss the stability of good rings by inductive limit,
product, quotient, integral extension, localisation, transfert to a polynomial
ring. Moreover we give many examples of good rings or not good rings. We
also study the links between good rings and Picard groups.
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2 Invertible values of homogeneous polynomi-
als and primitive points.
In the sequel we adopt the following usual terminology.
Definition 2.1. Let A be a ring. A point p = (x1, x2, ..., xn) ∈ An is called
primitive if
∑
1≤j≤n xjA = A.
Definition 2.2. A primitive point (a, b) ∈ A2 is a good point if there are an
integer N = N(a, b) ≥ 1, λ = λ(a, b) ∈ A with bN + λa ∈ A×.
Definition 2.3. A ring A is a good ring if the primitive points in A2 are
"good points".
Proposition 2.1. Let A be a ring. The following properties are equivalent.
i) The ring A is a good ring,
ii) for all a ∈ A, the group (ρa(A))×
ρa(A×) is a torsion group where ρa : A→ AaA is
the natural epimorphism.
Proof. 1) We show that i) implies ii).
Let a ∈ A and b ∈ A with ρa(b) ∈ ( AaA)×, then there are a′, b′ ∈ A with
a′a+ b′b = 1 and so (a, b) ∈ A2 is primitive point. Then by i) (a, b) is a good
point and so there are an integer N ≥ 1, λ ∈ A with bN + λa ∈ A×, which
means that (ρa(b))N ∈ ρa(A×), i.e. ii) is satisfied.
2) We show that ii) implies i).
Let (a, b) ∈ A2 a primitive point and ρa : A → AaA , the natural epi-
morphism. Then ρa(b) ∈ ( AaA)× and by ii) there is an integer N ≥ 1 with
(ρa(b))
N ∈ (ρa(A))×. So there is λ ∈ A with bN + λa ∈ A×, i.e. (a, b) is a
good point and i) is satisfied.
Remark 2.1. 1. Property ii) in proposition 2.1 is trivially satisfied when
a = 0 or a ∈ A×.
2. If A is a field, then part ii) in proposition 2.1 is trivially satisfied, so a
field is a good ring.
3. Let A be a ring. If for all a ∈ A − {0}, ( A
aA
)× is a finite or a torsion
group, then part ii) in proposition 2.1 is satisfied and so A is a good ring.
4. Let A be a ring. If for all a ∈ A−{0}, A
aA
is finite, then A is a good ring.
In particular Z is a good ring.
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5. Let A be a ring. If A is a local ring, one can easily show that A is
a good ring (proposition 4.4). One can give example of a good ring A
and a ∈ A − {0} such that ( A
aA
)× is not a torsion group (for example
A := Q[[T ]], the formal power series ring with rational coefficients and
a = T ).
The following definition is inspired by [B.E], definition 1.1, p.3.
Definition 2.4. A ring A has enough homogeneous polynomials in two vari-
ables, (resp. enough homogeneous polynomials) if for all finite set
S := {p1, p2, ..., pk} of primitive points in A2 with cardS := k ≥ 1, (resp.
primitive points in An and any n ≥ 2), there is P (X1, X2) ∈ A[X1, X2] (resp.
P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn]) with P homogeneous, degP ≥ 1 and
P (pi) ∈ A× for 1 ≤ i ≤ k where P (pi) := P (p1,i, p2,i, ..., pn,i) and
pi := (p1,i, p2,i, ..., pn,i) ∈ An.
Proposition 2.2. On the section associated to a primitive point. Let
p := (a0, a1, ..., an) ∈ An+1 be a primitive point i.e. a0A+a1A+...+anA = A.
1. Let ρ : A[X0, X1, ..., Xn]→ A[T ] be the A-homomorphism with
ρ(Xi) = aiT for 0 ≤ i ≤ n. Then the homomorphism ρ is an epimor-
phism and its kernel is Pp :=
∑
0≤i<j≤n(aiXj−ajXi)A[X0, X1, ..., Xn].
2. The structural morphism ProjA[T ] → SpecA is an isomorphism. Let
PnA := ProjA[X0, X1, ..., Xn], and pi : PnA → SpecA the structural mor-
phism, then ρ induces a section σp : SpecA→ PnA (i.e. piσp = IdSpecA)
and σp(SpecA) = V+(Pp).
More precisely if p ∈ SpecA, then σp(p) = pA[X0, X1, ..., Xn] + Pp.
We call σp, the section of pi associated to the primitive point p.
3. Let P ∈ A[X0, X1, ..., Xn] homogeneous of degree d ≥ 1. The following
assertions are equivalent
(a) V+(P ) ∩ V+(Pp) = ∅,
(b) V+(P ) ∩ σp(SpecA) = ∅,
(c) P (a0, a1, ..., an) ∈ A×.
Proof. 1. We show 1.
1.1.We show that ρ is an epimorphism.
There are λ0, λ1, ..., λn ∈ A such that λ0a0 + λ1a1 + ... + λnan = 1, then
ρ(λ0X0 + λ1X1 + ...+ λnXn) = T and so ρ is onto.
1.2.We show that Pp :=
∑
0≤i<j≤n(aiXj − ajXi)A[X0, X1, ..., Xn] = Ker ρ.
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We have ρ(aiXj − ajXi) = 0 and so Pp ⊂ Ker ρ. Let P (X0, X1, ..., Xn) ∈
Ker ρ an homogenous polynomial of degree d, then we have P (a0, a1, ..., an) =
0.
We look at this equality in the localisation A[ 1
a0
], then ad0P (1,
a1
a0
, ..., an
a0
) =
0. Let Q(T1, T2, ..., Tn) := P (1, T1, T2, ..., Tn) and total degree TotdegQ ≤ d.
In A[ 1
a0
] we have the equality Q(a1
a0
, a2
a0
, ..., an
a0
) = 0 and so we can write
Q(T1, T2, ..., Tn) = R(T1 − a1a0 , T2 − a2a0 , ..., Tn − ana0 ) in A[ 1a0 ][T1, T2, ..., Tn]
with R ∈ A[ 1
a0
][T1, T2, ..., Tn], R(0, 0, ..., 0) = 0 and TotdegR ≤ d.
Let f : A[ 1
a0
][T1, T2, ..., Tn] → A[ 1a0 ][X0, X1, ..., Xn][ 1X0 ], the A[ 1a0 ]-homo-
morphism defined by f(Ti) = XiX0 for 1 ≤ i ≤ n. Then
ad0P (X0, X1, ..., Xn) = a
d
0X
d
0f(P (1, T1, T2, ..., Tn)) =
= ad0X
d
0R(
X1
X0
− a1
a0
, X2
X0
− a2
a0
, ..., Xn
X0
− an
a0
).
As R(0, 0, ..., 0) = 0 and TotdegR ≤ d, it follows that
ad0P (X0, X1, ..., Xn) ∈ A[ 1a0 ]Pp and so there is some d0 ≥ 1 with
ad00 P (X0, X1, ..., Xn) ∈ Pp.
For the same reason, there is di ≥ 1 with adii P (X0, X1, ..., Xn) ∈ Pp for
1 ≤ i ≤ n. As a0A+ a1A+ ...+ anA = A we deduce that
P (X0, X1, ..., Xn) ∈ Pp. ///
2. We show 2.
Let us consider the structural morphism  : Proj(A[T ]) → SpecA; we
claim that it is an isomorphism. Namely the degree function induces a struc-
ture of A-graded algebra on A[T ] and TA[T ] is the ideal of positive elements;
it follows that Proj(A[T ]) = D+(T ) is affine and OProj(A[T ])(Proj(A[T ])) =
A[T ](T ) = A. Moreover if P ⊂ A[T ] is an homogeneous prime ideal with
P * TA[T ] then P = (P ∩ A)A[T ], i.e. (P) = P ∩ A and if p ∈ SpecA,
then −1(p) = pA[T ].
Now the homomorphism of graded A-algebras, ρ : A[X0, X1, ..., Xn] →
A[T ] of graded A-algebras induces a morphism ρp : D+(T ) = Proj(A[T ]) →
PnA of (SpecA)-schemes and so we get a commutative diagram,
Proj(A[T ]) r //

&&
PnA
SpecA
pi
;;
Then σp := r−1 is a section for pi such that σp(p) = pA[X0, X1, ..., Xn] +Pp.
3. We show 3.
As (b) rephrases (a) in the geometric language it is sufficient to prove (a)
equivalent (c).
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Let us assume that (a) is not verified. Then by 2. there is a prime ideal
p ⊂ A with P (X0, X1, ..., Xn) ∈ pA[X0, X1, ..., Xn] +Pp and so we can write
P (X0, X1, ..., Xn) =
∑
j biPj(X0, X1, ..., Xn)+Q(X0, X1, ..., Xn) where bj ∈ p,
Pj(X0, X1, ..., Xn) ∈ A[X0, X1, ..., Xn] and Q(X0, X1, ..., Xn) ∈ Pp. Then
P (a0, a1, ..., an) =
∑
j biPj(a0, a1, ..., an) ∈ p and so P (a0, a1, ..., an) /∈ A×.
Let us assume now that P (a0, a1, ..., an) /∈ A×, then there is p ∈ SpecA
such that P (a0, a1, ..., an) ∈ p. Now we can write
P (X0, X1, ..., Xn) = P (a0, a1, ..., an) + ((P (X0, X1, ..., Xn)− P (a0, a1, ..., an))
and so P (X0, X1, ..., Xn) ∈ pA[X0, X1, ..., Xn] + Pp.
Remark 2.2. On sections for the morphism pi : PnA → SpecA.
We know that such a section is associated to an onto A-linear map f :
An+1 →M where M is a locally free rank one A-module, ([G.D] th.4.2.4, p.
74). The case of sections associated to a primitive point corresponds to the
case where M is a free rank one A-module.
Theorem 2.1. Let A be a ring. The following properties are equivalent.
i) The ring A is a good ring,
ii) the ring A has enough homogeneous polynomials,
iii) the ring A has enough homogeneous polynomials in two variables.
Proof. We show that i) implies ii) implies iii) implies i).
1) We show i) implies ii). The proof works by induction on k = cardS.
1.1) If cardS = 1, then S = {p1 = (p1,1, p2,1, ..., pn,1)} and there are
u1, u2, ..., un ∈ A with
∑
1≤j≤n ujpj,1 = 1.
Clearly P (X1, X2, ..., Xn) :=
∑
1≤i≤n uiXi works.
1.2) Let k ≥ 1 and S ′ := {p1, p2, ..., pk} ⊂ An, consisting in k primitives
points. By induction hypothesis there is an homogeneous polynomial
P (X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn] of degree d ≥ 1 with
P (pi) := P (p1,i, p2,i, ..., pn,i) ∈ A×, where pi := (p1,i, p2,i, ..., pn,i) for
1 ≤ i ≤ k.
Let q = (q1, q2, ..., qn) ∈ An be a primitive point with q /∈ S ′ . We want to
find R(X1, X2, ..., Xn) ∈ A[X1, X2, ..., Xn], an homogeneous polynomial of
degree d′ ≥ 1, with R(p) ∈ A× for all p ∈ S ′ and for p = q.
1.2.1) Let ai,j,t := pi,tqj − pj,tqi and Ai,j,t(X1, X2, ..., Xn) := pi,tXj − pj,tXi
for 1 ≤ t ≤ k. We have Ai,j,t(q) = ai,j,t, Ai,j,t(pt) = 0.
Let At :=
∑
1≤i,j≤n ai,j,tA ⊂ A.
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1.2.2) We show that P (q)A+ At = A, for all 1 ≤ t ≤ k.
Let us assume there is a maximal ideal M in A with P (q) ∈ M and
At ⊂ M, i.e. ai,j,t ∈ M for all 1 ≤ i, j ≤ n. Let ρ : A → AM the
natural epimorphism, then ρ(pi,t)ρ(qj)− ρ(pj,t)ρ(qi) = ρ(ai,j,t) = 0 for all
1 ≤ i, j ≤ n. This means that the matrix
[
ρ(p1,t) ρ(p2,t) ... ρ(pn,t)
ρ(q1) ρ(q2) ... ρ(qn)
]
has rank ≤ 1.
As pt is a primitive point we have (ρ(p1,t), ρ(p2,t), ..., ρ(pn,t)) 6= (0, 0, ..., 0)
and so there is λt ∈ A with
(ρ(q1), ρ(q2), ..., ρ(qn)) = ρ(λt)(ρ(p1,t), ρ(p2,t), ..., ρ(pn,t)). Now as q is a
primitive point we have ρ(λt) 6= 0.
Moreover ρ(P (q)) = ρ(λt)degPρ(P (pt)) and as P (pt) ∈ A× we get
ρ(P (q)) 6= 0; a contradiction. It follows that P (q)A + At = A for all
1 ≤ t ≤ k.
1.2.3) It follows from 1.2.2) that 1 = P (q)at +
∑
1≤i,j≤n ui,j,tai,j,t for some
at, ui,j,t ∈ A.
Let Bt(X1, X2, ..., Xn) :=
∑
1≤i,j≤n ui,j,tAi,j,t(X1, X2, ..., Xn), then
Bt(X1, X2, ..., Xn) is nul or homogeneous of degree 1.
Moreover we have 1 = P (q)at +Bt(q) and Bt(pt) = 0. Then
1 =
∏
1≤t≤k(P (q)at +Bt(q)) = P (q)a+
∏
1≤t≤k Bt(q), with a ∈ A.
It follows that (
∏
1≤t≤k Bt(q), P (q)) is a primitive point in A
2 and as A is
a good ring (definition 2.3), there are N ≥ 1 and λ ∈ A with
P (q)N + λ
∏
1≤t≤k Bt(q) =  ∈ A×.
1.2.4) Note that if α ≥ 1, then Pα is homogeneous of degree α degP as
P (pt) ∈ A× which prevent P to be a nilpotent element inA[X1, X2, ..., Xn].
It follows that up to changing P to Pα, we can assume that N degP ≥ k.
As q = (q1, q2, ..., qn) is a primitive point, there are u1, u2, ..., un ∈ A with∑
1≤s≤n usqs = 1. Let W (X1, X2, ..., Xn) :=
∑
1≤s≤n usXs and
R(X1, X2, ..., Xn) := P (X1, X2, ..., Xn)
N+
λ(
∏
1≤s≤k Bs(X1, X2, ..., Xn))W (X1, X2, ..., Xn)
N degP−s.
Then R(pt) = P (pt)N ∈ A×, in particular R(X1, X2, ..., Xn) is not 0 and
with 1.2.3), λ(
∏
1≤s≤k Bs(X1, X2, ..., Xn))W (X1, X2, ..., Xn)
N degP−s is nul
or homogeneous of degree N degP , so R(X1, X2, ..., Xn) is homogeneous
of degree N degP . Moreover R(q) = P (q)N + λ
∏
1≤s≤k Bs(q) =  ∈ A×.
This shows ii).
2) The implication ii) implies iii) follows from the definition.
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3) We show iii) implies i).
Let us assume that i) isn’t satisfied, we show that iii) isn’t satisfied.
So there is (a, b) ∈ A2 a primitive point which isn’t a good point, i.e. for
all N ≥ 1 and λ ∈ A one has bN − λa /∈ A×.
Let assume there is an homogeneous polynomial P (X1, X2) ∈ A[X1, X2]
of degree d ≥ 1 such that P (0, 1) =: 1 ∈ A× and P (a, b) =: 2 ∈ A×. We
write P (X1, X2) = a0Xd2 + a1X1X
d−1
2 + ... + adX
d
1 then a0 = P (0, 1) =
1 ∈ A× and 2 = 1bd + µa where µ ∈ A. It follows that
bd + (1)
−1µa = 2(1)−1 ∈ A×, which gives a contradiction.
Remark 2.3. In [B.E], the authors show that PID (principal ideal domain)
have enough homogeneous polynomials.
Our theorem 2.1 with proposition 2.1, gives a characterization of good
rings in terms of their quotient rings by principal ideals. With this tool we
are able to give in Section 4, numerous examples of rings which are or aren’t
good rings.
Now we can rephrase the fact that a ring has enough homogeneous poly-
nomials in terms of sections associated to primitive points (proposition 2.2
part 2.) and so we can characterize good rings in terms of an avoidance
property (compare with [G.L.L] theorem 5.1, p. 1188).
Theorem 2.2. Let A be a ring, PnA := Proj(A[X0, X1, ..., Xn]). Then the
following assertions are equivalent.
1. The ring A is a good ring,
2. the ring A has enough homogeneous polynomials,
3. for any finite family {p1, p2, ..., ps} of primitive points in An+1 there is
an homogeneous polynomial P (X0, X1, ..., Xn) ∈ A[X0, X1, ..., Xn] with
degP ≥ 1 such that V+(P ) ∩ σpi(SpecA) = ∅ for 1 ≤ i ≤ s and σpi is
the section associated to pi.
3 Primitive points in A2 and Picard group
Proposition 3.1. Let A be a ring and (a, b) ∈ A2 a primitive point. Let
A[x, y] := A[X,Y ]
X(aY−bX)A[X,Y ] where x (resp. y) is the image of X (resp. Y ).
Moreover A[x, y] is endowed with the induced graduation of A[X, Y ]. Let
S(a, b) := Proj(A[x, y]).
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1. The A-algebra OS(a,b)(S(a, b)) is a free A-module of rank two.
More concretely, there is θ ∈ OS(a,b)(S(a, b)) with θ|D+(x) = 0, θ|D+(y) =
ay−bx
y
. One has θ2 = aθ, OS(a,b)(S(a, b)) ' A[T ]T (a−T )A[T ] and (1, θ) is a basis
for the A-module OS(a,b)(S(a, b)).
Moreover the scheme S(a, b) is affine and isomorphic to Spec(OS(a,b)(S(a, b))).
2. Let d ∈ N>0, then
OS(a,b)(d)(S(a, b)) =
∑
0≤k≤d
Axkyd−k.
3. Let a′, b′ ∈ A with aa′ + bb′ = 1. There is an epimorphism
u : A[x, y]→ A[x,y]
(ay−bx)A[x,y] ' A[a′X + b′Y ] which is defined by
u(x) = a(a′X + b′Y ) and u(y) = b(a′X + b′Y ).
Let ∆(a, b) := Proj(A[a′X+b′Y ]), d ≥ 1. Then u induces an epimorphism
u′ : OS(a,b)(d)(S(a, b))→ O∆(a,b)(d)(∆(a, b)) such that
u′(P (x, y)) = P (a, b)(a′X + b′Y )d where P (X, Y ) ∈ A[X, Y ] is homoge-
neous of degree d and {(a′X + b′Y )d} is a basis for the A-module
O∆(a,b)(d)(∆(a, b)).
Analogously, let v : A[x, y] → A[Y ] with v(x) = 0 and v(y) = Y and if
∆(0, 1) := Proj(A[Y ]) and d ≥ 1 one has an epimorphism
v′ : OS(a,b)(d)(S(a, b))→ O∆(0,1)(d)(∆(0, 1)) with v′(P (x, y)) = P (0, 1)Y d
where P (X, Y ) ∈ A[X, Y ] is homogeneous of degree d and {Y d} is a basis
for the A-module O∆(0,1)(d)(∆(0, 1)).
Proof. 1)We show 1.
Let P1 = P1A := Proj(A[X, Y ]), and J be the coherent sheaf of ideals on
P1 defined by the homogeneous polynomial X(aY − bX). Then J (D+(X))
(resp. J (D+(Y ))) is an OP1(D+(X)) free module with basis {a YX − b} (resp.
an OP1(D+(Y )) free module with basis {XY (a− bXY )}. This is a consequence
of that X (resp. aY − bX) is not a zero divisor in A[X, Y ]. In order to see
this we define X ′ := aY − bX, Y ′ := a′X + b′Y where aa′ + bb′ = 1 and we
show easily that A[X, Y ] is also a ring of polynomials in the variables X ′, Y ′.
The result then follows from the graduation.
And on D+(XY ) we have
X
Y
(a− bX
Y
) = (
X
Y
)2(a
Y
X
− b). (1)
where (X
Y
)2 is invertible in OP1(D+(XY )).
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In particular J is isomorphic to the twisted sheaf OP1(−2) as
OP1(−2)(D+(X)) (resp. OP1(−2)(D+(Y ))) is an OP1(D+(X)) free module
with basis X−2 (resp. an OP1(D+(Y )) free module with basis Y −2) and
Y −2 = (X
Y
)2X−2 on D+(XY ).
Now, we have the exact sequence of sheaves on P1,
{0} → J → OP1 → OP1J → {0}. (2)
Moreover for an open U ⊂ P1 we have OP1J (U) = OS(a,b)(U ∩ S(a, b)) where
S(a, b) is identified with V+(X(aY −bX)) ⊂ P1. So we shall write as usual (2)
as
{0} → J → OP1 → OS(a,b) → {0}. (3)
Then (3) gives the long exact cohomological sequence
{0} → H0(P1,J )→ H0(P1,OP1)→
→ H0(P1,OS(a,b)) ∂→ H1(P1,J )→ H1(P1,OP1). (4)
As J ' OP1(−2), it follows from [L], Lemma 3.1 p. 195, that
H0(P1,J ) ' H0(P1,OP1(−2)) = {0}, H0(P1,OP1) = A, and
H0(P1,J ) ' H0(P1,OP1(−2))∨ ' A.
So we get the exact sequence of A-modules,
{0} → A→ H0(P1,OS(a,b)) ∂→ H1(P1,J )→ {0}. (5)
In particular it follows that H0(P1,OS(a,b)) = OS(a,b)(S(a, b)) is a free
A-module of rank two.
Moreover looking more precisely at (5) on the cover {D+(X), D+(Y )} of
P1, one shows that ∂(θ) is the generator X(aY−bX)
XY
of the A-moduleH1(P1,J ).
This shows that (1, θ) is a basis for the A-module OS(a,b)(S(a, b)).
We show that S(a, b) is finite over SpecA and so S(a, b) ' SpecOS(a,b)(S(a, b)).
In order to show that S(a, b) is finite over SpecA it suffices to remark
that the canonical morhism S(a, b) → SpecA is quasi-finite, in otherwords
for all prime ideal p ⊂ A there are a finite number of homogeneous prime
ideal P ⊂ A[x, y] with p = P ∩ A and xA[x, y] + yA[x, y] * P. Namely
we use [L] ex. 4.2. p. 155 in order to show that S(a, b) → SpecA is finite.
Moreover we know by part 1. that OS(a,b)(S(a, b)) is a finite A-module and
so S(a, b) ' SpecOS(a,b)(S(a, b)).
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Now let P ⊂ A[x, y] be an homogeneous prime ideal with p = P∩A and
xA[x, y] + yA[x, y] * P. As x(ay − bx) = 0 then x ∈ P or (ay − bx) ∈ P.
Let us assume that x ∈ P, let A := pA[x, y] + xA[x, y] ⊂ P, we show
that A ⊂ P. Let P (x, y) ∈ P homogeneous of degree d. If d = 0 then
P (x, y) ∈ P ∩ A = p and so P (x, y) ∈ A.
Now we assume that d ≥ 1. We write P (x, y) = ∑0≤k≤d ukxkyd−k with
uk ∈ A. As x ∈ P then u0yd ∈ P; and so u0 ∈ P or y ∈ P. Note that y ∈ P
is not possible as xA[x, y] + yA[x, y] * P and so u0 ∈ P et puisque u0 ∈ A
then u0 ∈ p and so u0 ∈ A.
Now if ay − bx ∈ P, let A′ := pA[x, y] + (ay − bx)A[x, y] ⊂ P, we show
that A′ = P. Let P (x, y) ∈ P homogeneous of degree d. If d = 0 then
P (x, y) ∈ P ∩ A = p and so P (x, y) ∈ A′.
Now we assume that d ≥ 1. Let a′, b′ ∈ A with aa′ + bb′ = 1, from 0.1)
we get that P (x, y) =
∑
0≤k≤d uk(ay − bx)k(a′x + b′y)d−k with uk ∈ A. It
follows that u0(a′x+ b′y)d ∈ P; which means that u0 ∈ P or (a′x+ b′y) ∈ P.
If (a′x+ b′y) ∈ P, we note that x = a(a′x+ b′y)− b′(ay − bx) and
y = b(a′x + b′y) + a′(ay − bx) and so x, y ∈ P, a contradiction. We have
u0 ∈ P and so u0 ∈ A′.
Finally we have shown that A and A′ are the only homogeneous prime
ideals of A[x, y] above p. ///
2) We show 2.
As J ' OP1(−2), (3) gives
{0} → OP1(−2)→ OP1 → OS(a,b) → {0}.
Let d ≥ 1, then after tensorizing by OP1(d) we get
{0} → OP1(d− 2)→ OP1(d)→ OS(a,b)(d)→ {0}.
The corresponding long cohomological exact sequence gives in particular
the following small exact sequence
H0(P1,OP1(d)) w→ H0(P1,OS(a,b)(d))→ H1(P1,OP1(d− 2)) (6)
where w(P (X, Y )) = P (x, y).
As d ≥ 1, it follows from [L], Lemma 3.1 p. 195 that H1(P1,OP1(d−2)) =
{0}, which shows that the homomorphismH0(P1,OP1(d))→ H0(P1,OS(a,b)(d))
is an epimorphism; it follows that
H0(P1,OS(a,b)(d)) = OS(a,b)(d)(S(a, b)) =
∑
0≤k≤d
Axkyd−k.
12
3) We show 3.
Let X ′ := aY − bX and Y ′ := a′X + b′Y . As aa′+ bb′ = 1, it follows that
ϕ : A[X, Y ]→ A[X, Y ] with ϕ(P (X, Y )) = P (X ′, Y ′) is an A-automorphism.
In particularX ′, Y ′ areA-algebraically independant andA[X, Y ] = A[X ′, Y ′].
Moreover if P (X, Y ) = Q(X ′, Y ′) ∈ A[X, Y ] = A[X ′, Y ′] then P (X, Y ) is ho-
mogeneous of degree d if and only if Q(X ′, Y ′) is homogeneous of degree
d.
Let u′′ : A[X, Y ] = A[X ′, Y ′] → A[Y ′] be the A-homomorphism defined
by u′′(X ′) = 0 and u′′(Y ′) = Y ′, then u′′ induces an epimorphism still denoted
u′′ : OP1 → O∆(a,b).
Let G = Keru′′ be the ideal sheaf on P1 associated to (aY − bX)A[X, Y ].
We have so the exact sequence
{0} → G → OP1 → O∆(a,b) → {0}, (7)
where G(D+(X ′)) = X′X′OP1(D+(X ′)) = OP1(D+(X ′) and
G(D+(Y ′) = X′Y ′OP1(D+(Y ′)).
We see that G is isomorphic to OP1(−1) and tensorizing (7) by OP1(d),
we get the exact sequence
{0} → OP1(d− 1)→ OP1(d)→ O∆(a,b)(d)→ {0}. (8)
Hence we have the long exact sequence
{0} → OP1(d−1)(P1)→ OP1(d)(P1)
u′′d→ O∆(a,b)(d)(∆(a, b))→ H1(P1,OP1(d−1))
and as for d ≥ 1, H1(P1,OP1(d− 1)) = {0} by [L], Lemma 3.1 p. 195, we get
that u′′d : OP1(d)(P1)→ O∆(a,b)(d)(∆(a, b)) is an epimorphism.
We describe the map u′.
We have the cover P1 = D+(X ′) ∪ D+(Y ′), ∆(a, b) = V+(X ′) and so
D+(X
′) ∩∆(a, b) = ∅ and D+(Y ′) = ∆(a, b).
It is sufficient to describe the map
u′′d : OP1(d)(D+(Y ′))→ O∆(a,b)(d)(∆(a, b)) = AY ′d,
where {Y ′d} is a basis of O∆(a,b)(d)(∆(a, b)).
Let Q(X
′,Y ′)
Y ′m ∈ OP1(D+(Y ′)) with Q(X ′, Y ′) homogeneous of degree m+d.
By definition of u′′, we have u′′d(
Q(X′,Y ′)
Y ′m ) = Q(0, 1)Y
′d and if P (X, Y ) :=
Q(X ′, Y ′), we have Q(0, 1) = P (a, b).
It follows that for P (X, Y ) ∈ OP1(d)(P1) we get
u′′d(P (X, Y )) = P (a, b)Y
′d = P (a, b)(a′X + b′Y )d.
Now we show that u′ is an epimorphism.
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This follows from the following factorisation of the epimorphism
u′′d : OP1(d)(P1) w→ OS(a,b)(d)(S(a, b)) u
′→ O∆(a,b)(d)(∆(a, b))
where w is defined in (6).
Moreover as w is an epimorphism by (7), we deduce that u′(P (x, y)) =
P (a, b)(a′X + b′Y )d for P (X, Y ) ∈ A[X, Y ] homogeneous of degree d.
Now let us consider ∆(0, 1) := Proj(A[Y ]) and v′′ : A[X, Y ] → A[Y ] the
A-morphism defined by v′′(X) = 0 and v′′(Y ) = Y . By an analogous method
to the preceeding proof, the morphism v′′ for d ≥ 1 induces an epimorphism
v′′d : OP1(d)(P1) → O∆(0,1)(d)(∆(0, 1)) defined by v′′d(P (X, Y )) = P (0, 1)Y d.
It follows that v′ : OS(a,b)(d)(S(a, b)) → O∆(0,1)(d)(∆(0, 1)) is onto and de-
fined by v′(P (x, y)) = P (0, 1)Y d.
Theorem 3.1. Let A be a ring, (a, b) ∈ A2 a primitive point.
Let A[x, y] := A[X,Y ]
X(aY−bX)A[X,Y ] where x (resp.y) is the image of X (resp.
Y ) by the natural epimorphism. Moreover A[x, y] is endowed with the in-
duced graduation. Let S(a, b) := ProjA[x, y]. The following properties are
equivalent.
i) The OS(a,b)(S(a, b))-module OS(a,b)(1)(S(a, b)) is a torsion element in the
Picard group of OS(a,b)(S(a, b)),
ii) there exists P (X, Y ) ∈ A[X, Y ] homogeneous of degree d ≥ 1 with
P (0, 1), P (a, b) ∈ A×,
iii) the point (a, b) ∈ A2 is a good point.
Proof. In order to simplify the notations we shall write S for S(a, b).
1)We show i) implies ii).
It follows from i) there is d ≥ 1 such that OS(d)(S) is a free rank one
OS(S)-module and by proposition 3.1 part 2. there is P (X, Y ) ∈ A[X, Y ]
homogeneous of degree d such that {P (x, y)} is a basis.
Then by proposition 3.1 part 3, we have u′(P (x, y)) = P (a, b)(a′X+b′Y )d
(resp. v′(P (x, y)) = P (0, 1)(Y )d) is a basis forA(a′X+b′Y )d (resp.forA(Y )d),
in other words P (a, b) ∈ A× (resp. P (0, 1) ∈ A×). ///
2)We show ii) implies i).
1. Let P (X, Y ) ∈ A[X, Y ] homogeneous of degree d ≥ 1 with
P (0, 1), P (a, b) ∈ A×, we show that in Proj(A[X, Y ]) we have
V+(P (X, Y )) ∩ V+(X(aY − bX)) = ∅.
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First we consider V+(P (X, Y )) ∩ V+(X). Let P ⊂ A[X, Y ] be an
homogeneous ideal with X ∈ P and XA[X, Y ] + Y A[X, Y ] * P.
We have P (X, Y ) = a0Xd + a1Xd−1Y + ... + adY d with d ≥ 1 and
ad = P (0, 1) ∈ A×. If P ∈ P, then adY d ∈ P and so Y ∈ P, a
contradiction. So V+(P (X, Y )) ∩ V+(X) = ∅.
Now we consider V+(P (X, Y )) ∩ V+(aY − bX).
Let a′, b′ ∈ A with aa′ + bb′ = 1, we can write
P (X, Y ) = b0(a
′X + b′Y )d+
+b1(a
′X + b′Y )d−1(aY − bX) + ...+ bd(aY − bX)d
with bi ∈ A. As P (a, b) ∈ A× it follows that b0 ∈ A×.
Let P ⊂ A[X, Y ] be an homogeneous ideal with aY − bX ∈ P and
XA[X, Y ] + Y A[X, Y ] * P and P (X, Y ) ∈ P, then a′X + b′Y ∈ P,
but (aY − bX)A[X, Y ] + (a′X + b′Y )A[X, Y ] = XA[X, Y ] + Y A[X, Y ],
a contradiction. So V+(P (X, Y )) ∩ V+(aY − bX) = ∅. ///
Now we show that OS(d)(S) is a free OS(S)-module of rank one.
2. We show that P (X, Y ) doesn’t divide zero in A[X, Y ]. We have
P (X, Y ) = a0X
d + a1X
d−1Y + ...+ adY d with ad = P (0, 1) ∈ A×.
Let us assume that Q(X, Y ) = q0Xm + q1Xm−1Y + ... + qkXm−kY k ∈
A[X, Y ] with qk 6= 0 and P (X, Y )Q(X, Y ) = 0, then the coefficient of
Xm−kY d+k in P (X, Y )Q(X, Y ) is nul, so adqk = 0, a contradiction. ///
3. As P (X, Y ) isn’t a zero divisor in A[X, Y ], we can consider the Cartier
divisor in P1A defined by {(D+(X), P (X,Y )Xd ), (D+(Y ), P (X,Y )Y d )}. Let L,
the invertible sheaf on P1A associated to this divisor. Then L(D+(X))
(resp. L(D+(Y ))) is the OP1(D+(X))-free module with basis XdP (X,Y )
(resp. OP1(D+(Y ))-free module with basis Y dP (X,Y )) and
Y d
P (X,Y )
= ( Y
X
)d X
d
P (X,Y )
with ( Y
X
)d ∈ OP1(D+(XY ))×.
As the invertible sheaf OP1(d) is such that OP1(D+(X))
(resp. OP1(D+(Y ))) is a theOP1(D+(X))-free module of basisXd (resp.
theOP1(D+(Y ))-free module of basis Y d) and as ( YX )d ∈ OP1(D+(XY ))×
it follows that the two sheaves L and OP1(d) are isomorphic. It follows
that L ⊗OP1 OS ' OS(d).
4. We show that L ⊗OP1 OS ' OS.
We know that L⊗OP1OS(D+(x)) (resp. L⊗OP1OS(D+(y)) is generated
by xd
P (x,y)
(resp. y
d
P (x,y)
). It is sufficient to prove that
P (x,y)
xd
∈ OS(D+(x))× (resp. P (x,y)yd ∈ OS(D+(y))×).
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As V+(P (X, Y )) ∩ V+(X(aY − bX)) = ∅, it follows that the set
V+(P (x, y)) ⊂ S is ∅. So V (P (x,y)xd )∩D+(x) = ∅, V (P (x,y)xd )∩D+(y) = ∅.
It follows that L ⊗OP1 OS ' OS.
We have shown that OS(d) = OS(1)⊗d ' OS. Now as S is affine by
3.1, it follows that (OS(1)(OS(S)))⊗d ' OS(S). ///
3) We show ii) implies iii).
Let P (X, Y ) = a0Y d + a1XY d−1 + ...+ adXd, d ≥ 1 with
P (0, 1) = a0 ∈ A×, P (a, b) = a0bd + a(a1bd−1 + a2bd−2a+ ...+ adad−1) ∈ A×.
Let λ := (a0)−1(a1bd−1 + a2bd−2a+ ...+ adad−1) ∈ A, then bd + λa ∈ A×, i.e.
(a, b) ∈ A2 is a good point. ///
4)We show iii) implies ii).
As (a, b) ∈ A2 is a good point, there are N ≥ 1 and λ ∈ A, with
bN + λa ∈ A×. Let a′, b′ ∈ A with aa′ + bb′ = 1 and
P (X, Y ) := Y N − λX(a′X + b′Y )N−1.
Then P (0, 1) = 1 and P (a, b) = bN − λa ∈ A×.
Remark 3.1. If for any primitive point (a, b) ∈ A2, iii) in theorem 3.1 is
satisfied, then A is a good ring and conversely.
As well if for all primitive point (a, b) ∈ A2, i) in theorem 3.1 is satisfied,
i.e. the OS(a,b)(S(a, b))-module OS(a,b)(1)(S(a, b)) is a torsion element in the
Picard group of OS(a,b)(S(a, b)), then A is a good ring and conversely.
A particular simple case is the case of pictorsion rings i.e. those rings
A for which any ring B finite over A has a torsion Picard group ([G.L.L],
definition 0.3 p. 1191). As OS(a,b)(S(a, b)) is a finite A-algebra, it follows
that Pic(OS(a,b)(S(a, b))) is a torsion group and so part i) in theorem 3.1 is
satisfied. Therefore pictorsion rings are good rings.
Note that the condition to be of pictorsion for A is strong : it would suffice
that Pic(OS(a,b)(S(a, b))) be a torsion group. This will be study in paragraph
4.3.
4 Examples of good rings and of not good rings.
4.1 Examples of good rings
In this section we first give a list of good rings (definition 2.3) and most of
proofs are postponed to the end of the section.
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4.1.1 Properties of the family of good rings
1. Stability with inductive limits
A ring A which is the inductive limit of good rings (Ai)i∈I is a good
ring.
2. Stability with finite products
Let A = A1 × A2 × ... × Ar with Ai a good ring for 1 ≤ i ≤ r then
A is a good ring. Namely let a = (a1, ..., ar), b := (b1, ..., br), u =
(u1, ..., ur), v = (v1, ..., vr) ∈ A with au + bv = 1. Then aiui + bivi = 1
for 1 ≤ i ≤ r and there is Ni ≥ 1 and λi ∈ Ai with bNii +λiai = i ∈ A×i ,
then for N :=
∏
1≤i≤rNi there are µi ∈ Ai and ′i ∈ A×i with bNi +µiai =
′i, and so bN + µa = ′ where µ = (µ1, ..., µr) and ′ = (′1, ..., ′r).
3. Stability by quotients
Let A be a good ring and I ⊂ A an ideal then A
I
is a good ring. Namely
let ρ : A → A
I
be the natural epimorphism and (ρ(a), ρ(b)) ∈ (A
I
)2, a
primitive point, then there are (a′, b′) ∈ A2 such that aa′+bb′−1 = c ∈ I
and so ((aa′− c), b) ∈ A2 is a primitive point. Now as A is a good ring
then ((aa′ − c), b) is a good point (definition 2.2) and so there are
N ≥ 1 and λ ∈ A with bN + λ(aa′ − c) =  ∈ A×. It follows that
(ρ(b))N + ρ(λa′) ∈ ρ(A×) ⊂ (A
I
)× and so A
I
is a good ring.
The reverse is false in general. For example, let A := Q[T ] and
I = TQ[T ], then A isn’t a good ring (proposition 4.8) and A
I
= Q is a
good ring.
4. Good rings and the Jacobson radical
(a) Let A be a ring and R its Jacobson radical i.e. the intersection of
the maximal ideals. Let A be an ideal with A ⊂ R. Then A is a
good ring iff A
A
is a good ring, (proposition 4.1).
(b) Let A be a ring and R its Jacobson radical. If for all x ∈ A−R,
( A
xA
)× is a torsion group, then A is a good ring, (proposition 4.2).
In conclusion the interested examples of good rings are those with zero
Jacobson radical.
4.1.2 Classical examples of good rings
1. If A is a field it follows from definitions 2.3 and 2.2 that A is a good
ring. More generally let A be a semi-local ring (i.e. A has a finite
number of maximal ideals) then A is a good ring (proposition 4.4).
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2. A PIR (principal ideal ring) such that A
aA
is finite for all a not a zero
divisor, is a good ring (proposition 4.5).
This generalizes the particular case of PID (principal ideal domain)
which is considered in ([B.E], theorem 0.2 p. 1). Namely, they show
that if A is a PID such that A
M
is finite for all maximal, then A has
enough polynomial and so A is a good ring by theorem 2.1.
3. In particular if A is a Dedekind domain such that the residue fields A
M
are finite for the maximal ideals M, then for all x ∈ A − {0}, A
xA
is
finite and so A is a good ring (proposition 4.2).
Remark 4.1. We note the following
1. Let A be a good ring and S be a multiplicative subset. A natural question
is if S−1A is a good ring?
The answer is yes for the classical examples listed above but is no in
general (proposition 4.7).
2. Let A be a Dedekind domain with zero Jacobson radical. Is A a good
ring iff for all maximal ideal M the residue field A
M
is finite?
Proposition 4.3 with d = 1 gives a negative answer.
4.1.3 New examples
1. Good rings with Krull dimension d ≥ 1 and infinite residue fields
Let p ∈ Z, be a prime, F := {{0} ∪ {pk , k ≥ 1}, d ≥ 1 and
Z := F d. Then S := {P ∈ Q[X1, X2, ..., Xd] | ∀z ∈ Z, P (z) 6= 0} is a
multiplicative set in Q[X1, X2, ..., Xd] and A := S−1Q[X1, X2, ..., Xd] is
a good ring. Moreover A is noetherian, factorial, with zero Jacobson
radical, Krull dimension d and the residue fields A
M
with M a maximal
ideal, are infinite.
Note that in particular when d = 1, the good ring A is a PID with zero
Jacobson radical and the residue fields A
M
with M a maximal ideal, are
infinite.
For the proof see proposition 4.3
2. Good rings and integral extensions
(a) Let A be a ring and ρ : Z→ A be the natural homomorphism. If
A is integral over ρ(Z), then A is a good ring (proposition 4.6).
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(b) Let A be a ring and L be a sub-field of an algebraic closure of a
finite field and ρ : L[T ]→ A be an homomorphism with A integral
over ρ(L[T ]), then A is a good ring (proposition 4.6).
3. Good rings inside infinite products of rings
(a) Let A be the subring of ZN of sequences which are stationnary. Let
x ∈ A the sequence (xk)k≥0 then AxA '
∏
k≥0
Z
xkZ
. Then ( A
xA
)× is
a torsion group and A is a good ring (remark 2.1 and proposition
2.1).
(b) Let K be a sub-field of an algebraic closure of a finite field and
A := KN. Let x ∈ A the sequence (xk)k≥0 and
S := {k ∈ N|xk = 0}, then AxA ' KS, so ( AxA)× is a torsion group
and A is a good ring (remark 2.1 and proposition 2.1).
4. Let X be a compact topological space, A := C(X,R) be the ring of
continuous functions on X with real values, then A is a good ring and
more precisely if f, g, u, v ∈ A with fu+ gv = 1, then f 2 + g2 ∈ A×.
5. Let X be an algebraic non singular curve over Q; let us assume that
X(Q) 6= ∅. Let a ∈ X(Q) and Y := X(Q)− {a}.
Let A := {f ∈ K(X) | vy(f) ≥ 0, ∀y ∈ Y } where K(X) is the field
of rational functions on X and vx is the valuation at x. Then A is
a good ring and more precisely if u, v, u′, v′ ∈ A with uu′ + vv′ = 1;
then ∀y ∈ Y , one has vy(u) = 0 or vy(v)=0 and as the residue field
OX,y
My
= Q, it follows that vy(u2 + v2) = 0 and so u2 + v2 ∈ A×.
4.1.4 Proofs
Proposition 4.1. Let A be a ring, R its Jacobson ideal and A ⊂ R an ideal.
The following properties are equivalent.
i) The ring A is a good ring,
ii) the ring A
A
is a good ring.
Proof. As i) implies ii) is allways satisfied (see 4.1.1 part 3), we show that ii)
implies i).
Let ρ : A → A
A
be the natural epimorphism and a, b, a′, b′ ∈ A with
aa′ + bb′ = 1. Then ρ(a)ρ(a′) + ρ(b)ρ(b′) = 1. As A
A
is a good ring, there are
N ≥ 1, µ ∈ A with ρ(b)N + ρ(µ)ρ(a) =  ∈ (A
A
)×. Let e ∈ A with ρ(e) = ,
then bN + µa = e + α with α ∈ A. If e + α /∈ A× there is a maximal ideal
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M ⊂ A with e + α ∈ M. As α ∈ R then e ∈ M. As Ker ρ ⊂ R ⊂ M, it
follows that ρ(M) is a maximal ideal of A
A
, but  = ρ(e) ∈ ρ(M) which is in
contradiction with  ∈ (A
A
)×. Finally A is a good ring.
Proposition 4.2. Let A be a ring, R its Jacobson ideal i.e. the intersection
of the maximal ideals. If for all x ∈ A −R, ( A
xA
)× is a torsion group, then
A is a good ring.
In particular if A is a Dedekind domain such that the residue fields A
M
are
finite for the maximal ideals M, then for all x ∈ A−{0}, A
xA
is finite and so
A is a good ring.
Proof. Let a, b, u, v ∈ A with au+ bv = 1.
If a ∈ A −R, then ( A
aA
)× is a torsion group by hypothesis and so there
are N ≥ 1 and λ ∈ A with bN + λa = 1, i.e. (a, b) is a good point (definition
2.2).
If a ∈ R, then 1 − av ∈ A× and so b ∈ A× and b1 + 0a = b ∈ A×; again
(a, b) is a good point.
It follows that A is a good ring (definition 2.3).
Let us assume now that A is a Dedekind domain such that the residue
fields A
M
are finite for the maximal ideals M.
If x ∈ A×, then A
xA
= {0} and ( A
xA
)× is a torsion group.
If x /∈ A× and x 6= 0, then xA = Mα11 Mα22 ...Mαrr where r ≥ 1, Mi a
maximal ideal and αi ≥ 1 for 1 ≤ i ≤ r. Then AxA ' AMα11 ×
A
M
α2
2
× ... × A
Mαrr
and as | A
M
αi
i
| = | A
Mi
|αi (to see this one can replace A by its localisation at Mi
which is a principal local ring and Mi by its maximal ideal) the ring AxA is
finite and ( A
xA
)× is a torsion group and so A is a good ring (remark 2.1 and
proposition 2.1).
Proposition 4.3. Let p ∈ Z, be a prime, F := {{0} ∪ {pk , k ≥ 1}, d ≥ 1
and Z := F d. Then S := {P ∈ Q[X1, X2, ..., Xd] | ∀z ∈ Z, P (z) 6= 0} is
a multiplicative set in Q[X1, X2, ..., Xd] and A := S−1Q[X1, X2, ..., Xd] is a
good ring. Moreover A is noetherian, factorial, with zero Jacobson radical,
Krull dimension d and the residue fields A
M
with M a maximal ideal, are
infinite.
Proof. We shall write X for X1, X2, ..., Xd.
0) Let a ∈ A and ρa : A → AaA be the natural epimorphism. Let b ∈ A
such that (a, b) ∈ A2 is a primitive point i.e. ρa(b) ∈ ρa(A)×.
We prove that ρa(b) ∈ ρa(A×) i.e. (a, b) ∈ A2 is a good point and so A is
a good ring.
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1) One can write a = P (X)
T (X) , b =
Q(X)
T (X) with P,Q, T ∈ Z[X] and T ∈ S.
There are U, V ∈ Z[X] and R ∈ S with
P (X)U(X) +Q(X)V (X) = R(X). (9)
In particular ∀z ∈ Z, one has R(z) 6= 0.
2) There is M ≥ 1 such that for all z ∈ Z, one has (P (z), Q(z)) 6≡ 0
modulo pMZ2.
Let Zp be the completion of Z for the p-adique absolute |.|p. Then Zp is
compact and if F ⊂ Zp is closed, it is compact. Moreover Z = F d is compact.
The map z ∈ Z → |f(z)|p ∈ R is continuous and as R(z) 6= 0 for z ∈ Z,
there is M ≥ 1 with R(z) 6≡ 0 mod pMZ.
From relation (9) we deduce that if P (z) ≡ 0 mod pMZ, (resp. Q(z) ≡ 0
mod pMZ ) then Q(z) 6≡ 0 mod pMZ, (resp.P (z) 6≡ 0 mod pMZ). ///
3) We show that there is (s, t) ∈ Z2 such that ∀z ∈ Z, one has
P (z)t−Q(z)s 6= 0.
3.1) Let z ∈ Z and C(P (z), Q(z)) := {(u, v) ∈ Z2 | P (z)v −Q(z)u = 0}.
Let N ≥ 1 and piN : Z→ ZpNZ be the natural epimorphism and
Θ(z) := {(x, y) ∈ ( Z
pNZ)
2 | piN(P (z))y − piN(Q(z))x = 0}, then
piN × piN(C(P (z), Q(z)) ⊂ Θ(z). (10)
We remark that if z′ ≡ z modulo pNZd, then
piN × piN(C(P (z′), Q(z′)) ⊂ Θ(z). (11)
Let ZN := {0} ∪ {p, p2, ..., pN−1}, it follows from (10) and (11) that
piN × piN(∪z∈ZC(P (z), Q(z)) ⊂
∪z∈ZN{(x, y) ∈ (
Z
pNZ
)2 | piN(P (z))y − piN(Q(z))x = 0}. (12)
3.2) We assume that N ≥M where M is defined in 2). Then ∀z ∈ Z, we
have card{(x, y) ∈ ( Z
pNZ)
2 | piN(P (z))y − piN(Q(z))x = 0} ≤ pN+M , and so
there is (a, b) ∈ Z2, such that ∀z ∈ Z, we have P (z)b−Q(z)a 6= 0.
We assume that piN(P (z))y − piN(Q(z))x = 0. We can write
piN(P (z)) = piN(p
α)u and piN(Q(z)) = piN(pβ)v with u, v ∈ ZpNZ
×. Moreover
we can assume that 0 ≤ α ≤ β ≤ N .
Now we remark that 2) implies
α ≤M. (13)
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So we can write
piN(p
α)u(y − piN(pβ−α)u−1vx) = 0. (14)
It follows that for x ∈ Z
pNZ there are p
α solutions y to equation (14). This
shows
card{(x, y) ∈ ( Z
pNZ
)2 | piN(P (z))y − piN(Q(z))x = 0} ≤ pN+M . (15)
Now it follows from (12), (13), (14), (15) that
card{piN × piN(∪z∈ZC(P (z), Q(z))} ≤ NdpN+M . (16)
Now for N big enough, we have NdpN+M < p2N and so there is (s, t) ∈ Z2
such that
piN × piN(s, t) /∈ piN × piN(∪z∈ZC(P (z), Q(z)). (17)
and so
(s, t) /∈ ∪z∈ZC(P (z), Q(z)). (18)
i.e. ∀z ∈ Z, we have P (z)t−Q(z)s 6= 0.
4) We prove that ρa(b) ∈ ρa(A×) i.e. (a, b) ∈ A2 is a good point and so
A is a good ring.
We have a = P (X)
T (X) , b =
Q(X)
T (X) with P,Q, T ∈ Z[X] and T ∈ S.
By 3), ∀z ∈ Z, one has P (z)t − Q(z)s 6= 0 and so a(z)t − a(z)s 6= 0 i.e.
a(X)t− b(X)s ∈ S ⊂ A×.
If s 6= 0 then b− t
s
a ∈ A× and so ρa(b) ∈ ρa(A×).
If s = 0, then a ∈ S and ρa(A) = {0} and again ρa(b) ∈ ρa(A×).
5) As Q[X] is integral, noetherian and factorial , this is the same for
A = S−1Q[X].
6) We show that dimA = d.
As dimQ[X] = d, it follows that dimA ≤ d.
We show that {0} ⊂ X1A ⊂ X1A+X2A ⊂ ... ⊂ X1A+X2A+ ...+XdA
is a chain of prime ideals of length d.
Let k ≥ 1 and rk : Q[X]→ Q[Xk+1, Xk+2, ..., Xd] the homomorphism with
rk(P (X)) := P (0, ..., 0, Xk+1, Xk+2, ..., Xd).
If T ∈ S, rk(T ) = rk(0, ..., 0, Xk+1, Xk+2, ..., Xd). If zk+1, zk+2, ..., zd ∈ F ,
then (0, ..., 0, zk+1, zk+2, ..., zd) ∈ Z, so rk(0, ..., 0, zk+1, zk+2, ..., zd) 6= 0, and
rk(T ) 6= 0.
It follows that rk extends to an homomorphism
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r′k : S
−1Q[X]→ Q(Xk+1, Xk+2, ..., Xd), so Ker r′k = X1A+X2A+...+XkA
is a prime ideal.
As rk(Xk+1) = Xk+1 6= 0, we get that Ker r′k 6= Ker r′k+1. ///
7) We show that the Jacobson radical of the ring A is zero.
Let z ∈ Z and fz : Q[X]→ Q, defined by fz(P ) := P (z). Then fz extends
to an homomorphism f ′z : S−1Q[X]→ Q andMz := Ker f ′z ⊂ A is a maximal
ideal. Let P (X)
T (X) ∈ A with P (X) ∈ Q[X] and T (X) ∈ S, then P (X)T (X) ∈ Mz iff
P (z) = 0. As F is infinite it is well known that this implies that P = 0. ///
8) Let M ⊂ A, be a maximal ideal; then Q ⊂ A
M
and so is infinite.
Proposition 4.4. Let A be a field or a semi-local ring (i.e. the set of maximal
ideals in A is finite), then A is a good ring.
Proof. If A is a field this is immediate from the definition. Now let us
assume that the set of maximal ideals in A is {M1,M2, ...,Mr} then the
diagonal morphism d : A → ∏1≤i≤r AMi induces an isomorphism of rings
A
R
' ∏1≤i≤r AMi . As AMi is a good ring we deduce from example 2. in 4.1.
that its the same for A
R
and so for A by proposition 4.2.
Proposition 4.5. Let A be a principal ideal ring (PIR). We assume that for
all x ∈ A which is not a zero divisor, the quotient ring A
xA
is finite, then A
is a good ring.
Proof. By ([Z.S] theorem 33 page 242), we know that a principal ideal ring
A is a finite product of rings A = A1 ×A2 × ...×Ar where Ai is a PID or a
local ring whose the maximal ideal Mi is generated by a nilpotent element.
If Ai is a PID andMi = ziAi a maximal ideal, then (1, .., 1, zi, 1, ..., 1) ∈ A
is not a zero divisor. As Ai
ziAi
' A
(1,..,1,zi,1,...,1)A
is finite, then if xi ∈ Ai − {0},
Ai
xiAi
is a finite ring and so Ai
xiAi
is finite for any xi ∈ Ai − {0}. Now with
remark 2.1 and proposition 2.1, Ai is a good ring.
If Ai is a local ring, then Ai is a good ring (cf. example 5 in 4.1 ). Finally
A is a finite product of good rings and so A is a good ring (cf. example 2 in
4.1 ).
Proposition 4.6. Let A be a ring.
A. Let ρ : Z → A be the natural homomorphism. We assume that any
element in A is integral over ρ(Z), then A is a good ring.
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B. Let L be a subfield of an algebraic closure of a finite field, L[T ] the poly-
nomial ring in the variable T over L. We assume there is ρ : L[T ] → A
an homomorphism with A integral over ρ(L[T ]), i.e. every element in A
is zero of a unitary polynomial with coefficient in L[T ], then A is a good
ring.
Proof. A)We show A.
A.1. Reduction to the case A is finite over ρ(Z).
As A is the inductive limit of its subrings which contain ρ(Z) and are
finite over ρ(Z), it suffices to consider the case where A is finite over ρ(Z)
and we assume it is the case in the rest of the proof.
(*) Let z ∈ A and ρz : A→ AzA the canonical epimorphism; we show that
ρz(A)×
ρz(A×) is finite.
If (*) is satisfied for all z ∈ A, then by proposition 2.1 we get that A is a
good ring.
A.2. We assume that Ker ρ = dZ with d 6= 0. We show that A is finite and
so (*) is satisfied for all z ∈ A.
As A is finite over ρ(Z), there are e1, e2, ..., er ∈ A such that
A = ⊕1≤i≤rρ(Z)ei. Then |A| ≤ |d|r.
A.3. We assume that Ker ρ = {0} and we identify ρ(Z) with Z. Moreover it
follows from 4.1 we can assume that A is reduced.
So Z ⊂ A and A is finite over Z so it is noetherian and so there is a finite
number of minimal primes namely {p1, p2, ..., ps} with pi 6= pj for i 6= j. Now
as A is reduced we have ∩1≤i≤spi = {0}.
If z = 0 then (*) is trivially satisfied. Now we assume that z 6= 0.
Then z /∈ ∪1≤i≤spi or after a permutation in the indices there is 1 ≤ t < s
with z /∈ ∪1≤i≤tpi and z ∈ ∩t+1≤i≤spi.
A.3.1) We first assume that z /∈ ∪1≤i≤spi.
It follows from lemma 4.1 below that A
zA
is finite and so (*) is satisfied.
It follows from the case z = 0 and from A.3.1), A.3.2) that (*) is satisfied
for all z ∈ A and so that A is a good ring.
A.3.2) We assume there is 1 ≤ t < s with z /∈ ∪1≤i≤tpi and z ∈ ∩t+1≤i≤spi.
Let b := ∩1≤i≤tpi, c := ∩t+1≤i≤spi. Let B := Ab , C := Ac and f : A → B,
g : A→ C the natural epimorphisms. Let u : A→ B × C with
u(a) := (f(a), g(a)). It follows from lemma 4.2 below that u is into and
B× × C×
u(A×)
is finite. (19)
Let p1 : B × C → B and p2 : B × C → C the projections. Then p1u = f
and p2u = g. As p2u = 0 and p1u is onto we have u(zA) = f(z)B × {0}.
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We show that u induces a monomorphism
v :
A
zA
→ B
f(z)B
× C with vρz = piu. (20)
Let
pi : B × C → B × C
f(z)B × {0} '
B
f(z)B
× C, (21)
the natural epimorphism. We need to show that Ker(piu) = zA. If piu(a) =
0 then p1u(a) = f(z)b with b ∈ B and p2u(a) = 0. Let a′ ∈ A with
f(a′) = p1u(a′) = b; then p1u(za′) = f(z)b and p2u(za′) = 0. It follows
that u(a) = u(za′) i.e. a = za′ as u is into and so Ker(piu) ⊃ zA, the other
inclusion is immediate.
It follows from (20) that v induces a monomorphism still denoted v
v :
A
zA
×
→ ( B
f(z)B
)× × C×. (22)
We intend now to show that ρz(A)
×
ρz(A×) is finite i.e. (*).
We show first that B
f(z)B
is finite.
As A is finite over Z, it follows that f(A) = B is finite over Z. We remark
that f(pi), 1 ≤ i ≤ t are the minimal primes of B. Now z /∈ ∪1≤i≤tpi implies
f(z) /∈ ∪1≤i≤tf(pi). Then lemme 4.1 below shows that
B
f(z)B
is finite (23)
It follows from (20) that v is into and then ρz(A)
×
ρz(A×) '
v(ρz(A)×)
v(ρz(A×)) .
Now still with (20) we have v(ρz(A×)) = piu(A×) and as by (19) B
××C×
u(A×)
is finite it follows that
pi(B× × C×)
pi(u(A×))
is finite. (24)
If ρf(z) : B → Bf(z)B is the natural epimorphism then with (21) we have
(pi(B×C))× = ρf(z)(B)××C× and so (pi(B×C))×ρf(z)(B×)×C× =
ρf(z)(B)
××C×
ρf(z)(B
×)×C× =
ρf(z)(B)
×
ρf(z)(B
×)
which with (23) shows that
(pi(B × C))×
ρf(z)(B×)× C× is finite. (25)
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Now with (24) and (25) we get that
(pi(B × C))×
pi(u(A×))
is finite. (26)
Now with (21) we get pi(u(A×)) = v(ρz(A×)) ⊂ v(ρz(A)×) ⊂ (pi(B × C))×,
then with (26) we get v(ρz(A)
×)
pi(u(A×)) =
v(ρz(A)×)
v(ρz(A×)) '
ρz(A)×
ρz(A×) is finite.
B) We show B.
B.1) Reduction to the case finite over ρ(k[T ]) for k ⊂ L a finite field.
The ring A is the union of its subrings S which contain ρ(L[T ]) and finite
over ρ(k[T ]).
Let S as above, then S =
∑
1≤i≤r ρ(L[T ])ei, where ei ∈ S. We deduce
that for each i, ei is a root of a unitary polynomial with coefficients in ρ(L[T ]).
As L is a union of finite fields there is a finite field k0 ⊂ L such that the
coefficients of the polynomials belong to ρ(k0[T ]). Let k0 ⊂ k ⊂ L, a finite
field then Sk :=
∑
1≤i≤r ρ(k[T ])eiis a subring of S which is finite over ρ(k[T ])
and S is the union of the Sk for k running the finite subfields k0 ⊂ k ⊂ L.
B.2) Finally we need to prove.
(**) Let k be a finite field, A be a ring, ρ : k[T ]→ A an homomorphism
with A finite over ρ(k[T ]). Let z ∈ A and ρz : A → AzA the canonical
epimorphism, then ρz(A)
×
ρz(A×) is finite.
The case z = 0 is trivial. Let us assume that z 6= 0. One can use A.3.1
and A.3.2 as one uses there only the fact that A is noetherian. So (**) is
satisfied for all z ∈ A which with proposition 2.1 means that A is a good
ring. The end of the proof is an adaptation of A.1 and A.2.
We can say that proposition 4.6 is proved when A is reduced. We then
deduce the general case from proposition 4.1.
Lemma 4.1. Let k be a finite field, A := k[T ] the ring of polynomials with
coefficients in k. Let A be a ring finite over Z (resp.k[T ]).
1. Let {p1, p2, ..., ps} prime ideals in A. Let ρi : A→ Api the natural epimor-
phism and xi ∈ ρi(A), xi 6= 0. Then
∏
1≤i≤s
ρi(A)
xiρi(A)
is finite.
2. Let A be a reduced ring. Let {q1, q2, ..., qt} the set of minimal prime ideals
in A (the ring A is noetherian) with qi 6= qj for i 6= j, let z ∈ A and
z /∈ ∪1≤i≤tqi. Then the ring AzA is finite.
Proof. 1) We show 1.It is suffisant to prove that ρi(A)
xiρi(A)
is finite.
The case where A is finite over Z. We can write A = Ze1 +Ze2 +...+Zer,
and so ρi(A) = ρi(Z)ρi(e1) + ρi(Z)ρi(e2) + ...+ ρi(Z)ρi(er).
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When ρi(Z) is finite the result is immediate.
Now we assume that ρi(Z) is infinite, then we can identify ρi(Z) with Z.
As ρi(A) is finite over Z, it follows that xi is integral over Z. Let m minimal
with xmi + a1x
m−1
i + ... + am−1x1 + am = 0 and ak ∈ Z for 0 ≤ k ≤ m − 1.
As ρi(Z) is integral and xi 6= 0 we get am 6= 0 and am ∈ xiρi(A). It follows
that the epimorphism (b1, b2, ..., br) ∈ Zr →
∑
1≤k≤r biρi(ek)ρi(A) induce an
epimorphism ( Z
amZ)
r → ρi(A)
xiρi(A)
and so | ρi(A)
xiρi(A)
| ≤ |am|r.
The case where A is finite over k[T ] can be worked out in the same way.
2) We show 2.
The case where A is finite over Z. Let ρ : Z → A the canonical
homomorphism. When ρ(Z) is finite it follows from 1) that A is finite and
so 2. is proved.
We assume now that ρ(Z) ' Z, we can identify ρ(Z) with Z.
Let ρi : A → Aqi be the natural epimorphism and δ : A →
∏
1≤i≤i
A
qi
the
diagonal morphism. As A is reduced it follows that δ is into.
2.1) We show there are i ∈ A with ρ(i) 6= 0 and∏
1≤i≤t
ρi(i)ρi(A) ⊂ δ(A) ⊂
∏
1≤i≤t
ρi(A). (27)
Let x2 ∈ q2 and x2 /∈ q1, x3 ∈ q3 and x3 /∈ q1, ..., xt ∈ qt and xt /∈ q1
and 1 := x2x3...xt, then 1 /∈ (q1) and 1 ∈ q2 ∩ ...qt. Analogously we build
2 /∈ (q2) and 1 ∈ q1 ∩ q3 ∩ ...qt, ..., t /∈ (qt) and t ∈ q1 ∩ q2 ∩ ...qt−1
So for y1, y2, ..., yt ∈ A one has δ(
∑
1≤i≤t yii = (y11, ..., ytt) and so∏
1≤i≤t ρi(i)ρi(A) ⊂ δ(A).
2.2) As ρi(A) = Aqi . It follows from 1. that∏
1≤i≤t ρi(A)∏
1≤i≤t ρi(i)ρi(A)
is finite and so
∏
1≤i≤t ρi(z)ρi(A)∏
1≤i≤t ρi(z)ρi(i)ρi(A)
is finite. (28)
As z /∈ q1 ∪ ... ∪ qt, it follows from 1. that∏
1≤i≤t ρi(A)∏
1≤i≤t ρi(z)ρi(A)
is finite. (29)
Then with (28) and (29)∏
1≤i≤t ρi(A)∏
1≤i≤t ρi(z)ρi(i)ρi(A)
is finite. (30)
With (27) we get the following
∏
1≤i≤t ρi(z)ρi(i)ρi(A) ⊂ δ(zA)δ(A) ⊂∏
1≤i≤t ρi(A). Then with (30) we get that
δ(A)
δ(zA)
is finite and as δ is into, we
have that A
zA
is finite.
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The case where A is finite over k[T ] can be worked out in the same
way.
Lemma 4.2. Let k be a finite field, k[T ] the ring of polynomials with coeffi-
cients in k. Let A be a ring finite over Z (resp. k[T ]) and reduced.
Let {p1, p2, ..., ps} the prime minimal ideals in A and for 1 ≤ t < s,
b := p1∩p2∩ ...∩pt, c := pt+1∩pt+2∩ ...∩ps. Set B := Ab , C := Ac , D := Ab+c .
Let f : A → A
b
, g : A → A
c
, h : A → A
b+c
, i : A
b
→ A
b+c
, j : A
c
→ A
b+c
. the
natural epimorphisms. Then if = jg = h.
Let u : A× → B××C× and v : B××C× → D× with u(a) := (f(a), g(a)),
v(x, y) := i(x)j(y−1). Then u is into and Imu = Ker v. Moreover B
××C×
u(A×) is
finite.
Proof. The case where A is finite over Z.
As A is reduced it follows that u is into. We have vu(a) = v(f(a), g(a)) =
if(a)jg(a−1) = h(a)h(a−1) = 1 and so Imu ⊂ Ker v.
Now we show the other inclusion. Let (x, y) ∈ B××C× with i(x)j(y−1) =
1, i.e. i(x) = j(y). Let a, b ∈ A with f(a) = x, g(b) = y, then if(a) = jg(b),
i.e. h(a) = h(b) and so there are β ∈ b, γ ∈ c with a = b + β + γ. Let
a′ := a− β = b+ γ, we have u(a′) = (f(a− β), g(b+ γ)) = (x, y).
As v(x, y) = 1 we have also v(x−1, y−1) = 1. By the same method we get
a′′ ∈ A with u(a′′) = (x−1, y−1).Then u(a′a′′) = (1, 1) = u(1) and as u is into
we get a′a′′ = 1 i.e. a′ ∈ A×, in other words Ker v ⊂ Imu.
We still need to prove that B××C×
u(A×) is finite.
The equality Imu = Ker v shows that v induces an into homomorphism
from B××C×
u(A×) to D
×.
We show that dimD = 0 and as D is finite over Z it will follow that D is
a finite ring.
Let q ⊂ A, a prime ideal such that b + c ⊂ q; then p1 ∩ p2 ∩ ... ∩ pt ⊂ q
and so there is 1 ≤ i ≤ t with pi ⊂ q. In the same way we get t+ 1 ≤ j ≤ s
with pj ⊂ q, then pi + qj ⊂ q and pi + qj 6= pi and so the height of q is ≥ 1.
As dimA ≤ 1 we have equality. We deduce from this that every prime ideal
in A
b+c
has height nul and so dimD = 0.
Let w : Z → D the natural morphism, then D is finite over w(Z). If
w(Z) ' Z then dimD = 1 which is a contradiction and so w(Z) is finite and
as D is finite over w(Z) we deduce that D× and so B××C×
u(A×) are finite.
The case where A is finite over k[T ] can be worked out in the same way.
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4.2 Examples of rings A which aren’t good rings.
4.2.1 Good rings and localization
In general a localisation of a good ring isn’t a good ring as shown with the
following example.
Proposition 4.7. Let k be a field and k[X, Y, Z], the polynomial ring. Let
M = Xk[X, Y, Z] + Y k[X, Y, Z] + Zk[X, Y, Z] ⊂ k[X, Y, Z] be a maximal
ideal and A := k[X, Y, Z]M, then A is a good ring.
Let B := A[ 1
X+Y Z
] be the localized ring S−1A, with
S := {(X + Y Z)n | n ∈ N}, then B isn’t a good ring.
Proof. As A is a local ring it is a good ring (proposition 4.4). Note that
A := {P
R
| P ∈ k[X, Y, Z], R ∈ k[X, Y, Z], R(0, 0, 0) 6= 0} and
B = { P
(X+Y Z)nR
| P,R ∈ k[X, Y, Z], n ≥ 0, R(0, 0, 0) 6= 0}.
As X + Y Z is irreducible in the factorial ring k[X, Y, Z], we have
B× = (X + Y Z)Z × {P
Q
| P,Q ∈ k[X, Y, Z], P (0, 0, 0) 6= 0, Q(0, 0, 0) 6= 0}.(31)
Let a := X ∈ B, then B
aB
' { P
(Y Z)nR
| P,R ∈ k[Y, Z], n ≥ 0, R(0, 0) 6= 0.}
It follows that
(
B
aB
)× = Y Z × ZZ × {P
R
| P,R ∈ k[Y, Z], R(0, 0) 6= 0}. (32)
Let ρa : B → BaB , the natural epimorphism. It follows from (31) that
ρa(B
×) = Y Z × ZZ × {P
R
| P,R ∈ k[Y, Z], R(0, 0) 6= 0}. (33)
Now with (32) and (33) we have ρa(B)
×
ρa(B×) ' Y
Z×ZZ
(Y Z)Z ' Z.
Then ρa(B)
×
ρa(B×) is not torsion and so B isn’t a good ring.
4.2.2 Good rings and transfert to polynomial rings
A. The case of polynomial rings k[T ] with coefficients in a field is answered
in the following lemma.
Proposition 4.8. Let k be a field, A := k[T ] the polynomial ring of the
variable T and coefficients in k.
Then the following properties are equivalent.
i) The ring A is a good ring,
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ii) the field k is algebraic over a finite field,
iii) the group k× is a torsion group.
Proof. 1) We show that ii) implies iii).
We remark that Falgp = ∪n≥1Fpn , it follows that (Falgp )× and so k× is a
torsion group.
2) We show that iii) implies ii).
Necessarily k has characteristic 0, otherwise Q ⊂ k, this contradict the
fact that k× is a torsion group. One can assume that Fp ⊂ k. Let x ∈ k×,
there is nx ≥ 1 with xnx = 1 and so k is algebraic over Fp.
3) We show that i) implies iii).
One can assume that k 6= F2. Let θ ∈ k − {0, 1}, then
1 = gcd(T−θ, T (T−1)) so there are u, v ∈ k[T ] with u(T−θ)+vT (T−1) = 1.
Let b = T − θ, a := T (T − 1), as k[T ] is a good ring there is m ≥ 1 which
depends on θ and λ(T ) ∈ k[T ] with bm + λ(T )a =  ∈ k× = A× which
a specialisation of T by 0 and 1 gives (−θ)m = , (1 − θ)m =  and so
(1−θ−θ )
m = 1. Now we remark that θ → 1−θ−θ is a permutation of k − {0, 1}, it
follows that k× is a torsion group.
4) We show that ii) implies i).
One can assume that k ⊂ Falgp . Let z ∈ k[T ], we show that ( k[T ]zk[T ])× is a
torsion group.
If z = 0 as k[T ]× = k× then ( k[T ]
zk[T ]
)× = k× is a torsion group.
We now assume that deg z = d ≥ 0. If d = 0 then ( k[T ]
zk[T ]
)× = {1}.
If d ≥ 1, then k[T ]
zk[T ]
is a k-vector space V of dimension d ≥ 1. Let
f ∈ ( k[T ]
zk[T ]
)×, then the map µf : x ∈ V → fx ∈ V belongs to Gl(V ) and the
map f ∈ ( k[T ]
zk[T ]
)× → µf ∈ Gl(V ) is an into homomorphism. After fixing a
basis of the k-vector space V , the element µf and so f can be identified with
an element of Gld(k) and so for n big enough with an element of Gld(Fpn).
It follows that f is a torsion element.
Remark 4.2. It follows from proposition 4.8 that if k is a field of charac-
teristic nul then k[T ] isn’t a good ring.
B. The case of polynomial rings A[T ] with coefficients in an integral domain
which is not a field is answered in the following proposition.
Proposition 4.9. Let A be an integral domain which is not a field, B := A[T ]
the polynomial ring of the variable T and coefficients in A. Then B isn’t a
good ring.
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Proof. As A isn’t a field, there is pi 6= 0 and pi /∈ A×. Let a := 1 − piT , and
S := {pik | k ∈ N}, then cardS is infinite.
Let ρa : A[T ] → A[T ]aA[T ] , the natural epimorphism. Then ρa induces an
isomorphism f : S−1A→ A[T ]
aA[T ]
, which is defined by f( λ
pin
) = ρa(λT
n).
We have S−1A ⊇ piZA× = piZ × A× and so
ρa(A[T ])
× ⊇ ρa(pi)Z × f(A×) = ρa(T )Z × f(A×).
On the other hand, A[T ]× = A× and ρa(A[T ]×) = f(A×). It follows that
ρa(T )
Z ⊂ ρa(A[T ])×
ρa(A[T ]×) .
Now as piZ = ρa(T )Z ' Z, we see that B = A[T ] isn’t a good ring.
C. The case of polynomial rings A[T ] with coefficients in a ring with zero
Jacobson radical is answered in the following proposition.
Proposition 4.10. Let A be a ring with Jacobson radical nul. Then
1. If dimA ≥ 1, then A[T ] isn’t a good ring.
2. If dimA = 0 and if there is a maximal ideal M ⊂ A such that A
M
isn’t
contained in the algebraic closure of a finite field, then A[T ] isn’t a good
ring.
Proof. 1) We show 1.
There is a prime ideal p ⊂ A which isn’t maximal, i.e. A
p
is an integral
domain and not a field. Then by 4.9 we know that A
p
[T ] isn’t a good ring
and then from stability by quotients (4.1.1. part 3.), the ring A isn’t a good
ring.
2) We show 2.
If A
M
isn’t contained in the algebraic closure of a finite field, by proposition
4.8 that A
M
[T ] isn’t a good ring and from stability by quotients (4.1.1. part
3.), the ring A isn’t a good ring.
Remark 4.3. The preceding proposition doesn’t give an answer when
dimA = 0 and for any maximal idealM of A, the residue field A
M
is contained
in the algebraic closure of a finite field. In fact one can give examples of such
a ring which is or isn’t a good ring.
For a positive example, let SpecA := {M1,M2, ...,Ms} i.e. SpecA is
finite. Then A[T ] ' A
M1
[T ] × A
M2
[T ] × ... × A
M s
[T ]. Now by proposition 4.8,
we know that A
M i
[T ] is a good ring and with stability by finite product (4.1.1.
part 2.) A[T ] is a good ring.
Another positive example is the ring A := FNp .
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Now for a negative example, let (ki)i∈N be a sequence of finite fields such
that (card ki)i∈N is a strictly increasing sequence, then one can show that
(
∏
i∈N(ki))[T ], isn’t a good ring.
4.3 Good rings and pictorsion
Let us recall that a ring A is said of pictorsion if for all ring B which is finite
over A, the Picard group Pic(B) is a torsion group ([G.L.L]).
In the sequel we discuss the relation between good rings and torsion in
Picard groups.
A. Rings which aren’t of pictorsion.
We saw in remark 3.1 after the theorem 3.1 that a pictorsion ring is a
good ring. As a corollary, rings which aren’t good rings aren’t of pictorsion.
Remark 4.4. For example the ring A = Q[y] isn’t a good ring (proposition
4.8) and so isn’a pictorsion ring. In this case Pic(A) is trivial and so there
is a finite extension B over A such that the group Pic(B) is not a torsion
group. One can give an explicit example of such an extension B/A (compare
with [G.L.L] example 8.15 p. 1263).
Namely, Let A := Q[y] be the ring of polynomial in the variable y with
coefficients in Q. Then Pic(A) is trivial.
Let B := Q[y,X]
(X3−X−y2−y)Q[y,X] = Q[y, x] where x is the X image. The ring
B is finite over A. We show that Pic(B) is not a torsion group and so A is
not of pictorsion.
Let Q[x, y, z] := Q[X,Y,Z]
(X3−XZ2−Y 2Z−Y Z2)Q[X,Y,Z] , where x (resp. y, z) is the X
(resp. Y ,Z) image and the graduation is induced by that of Q[X, Y, Z].
Let S := Proj(Q[x, y, z]), ∞ := (0 : 1 : 0). We have S − {∞} = D+(z)
and OS(S − {∞}) = B.
Let p := (0 : 0 : 1), the divisor (p −∞) has infinite order ([H] Example
4.3.8. p. 335). It follows that the ideal Mp = Bx + By induces an element
of infinite order in Pic(B).
B. Good rings with a finite Picard group.
i) Let A be the ring of integers of a number fields or the ring of regular
functions on a smooth affine curve over a finite field. Such a ring is a good
ring (see 4.1.2. example 3) and Pic(A) is finite. Moreover for the same reason
such a ring is of pictorsion.
ii) Let us consider the good rings in examples 5 in paragraph 4.1.3. In
contrary to the examples in i), the residue fields aren’t finite and nevertheless
one can give examples with a finite Picard group.
Namely, let X be an algebraic non singular curve over Q; let us assume
that X(Q) 6= ∅. Let a ∈ X(Q) and Y := X(Q)− {a}. Let
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A := {f ∈ K(X) | vy(f) ≥ 0, ∀y ∈ Y }, where K(X) is the field of rational
functions on X and vx is the valuation at x. Let us assume that Jac(X)(Q) is
finite (see [G.G] th.3, p. 822 for a genus 2 example and [B.S] for the existence
of infinitely many Q-elliptic curves).
Let U := X − {a}, then B := OX(U) is a Dedekind domain. Moreover
we have the following exact sequence
{0} → Za→ Pic(X)→ Pic(U)→ {0}
and as Pic(X) = Pic0(X) ⊕ Za we get that Pic(U) ' Pic0(X). Now as
Pic0(X) ⊂ Jac(X)(Q) it follows that Pic(U) is finite and then by [G] cor.
(1), p. 114 there is S ⊂ B, a multiplicative set such that A = S−1B.
In particular Pic(A) is finite. Note that we don’t know if the ring A is a
pictorsion ring.
C. Good rings with a non torsion Picard group and so which aren’t of
pictorsion.
It follows from theorem 3.1 that a ring A is a good ring if and only if for
all primitive point (a, b) ∈ A2, the OS(a,b)(S(a, b))-module OS(a,b)(1)(S(a, b))
is a torsion element in the Picard group of OS(a,b)(S(a, b)).
In particular as said in remark 3.1, if the Picard group of OS(a,b)(S(a, b))
is a torsion group then A is a good ring.
More specifically for a ring A of pictorsion, as the OS(a,b)(S(a, b)) is finite
over A, it follows that the Picard group of OS(a,b)(S(a, b)) is a torsion group
and so A is a good ring.
There is still the question to find a good ring A such that the Picard
group of A is not a torsion group. This is what we intend to do now.
Proposition 4.11. Let A be a ring, a ∈ A, Ba := A[T ]T (T−a)A[T ] = A⊕At where
t is the T image. Let ρa : A → AaA the natural epimorphism. Then we have
the following exact sequence
{1} → ρa(A)
×
ρa(A×)
→ Pic(Ba)→ Pic(A)2 → Pic( A
aA
).
In particular, if ρa(A)
×
ρa(A×) and Pic(A) are torsion groups then Pic(Ba) is a tor-
sion group.
Proof. 1) Let I := {b ∈ A | ba = 0} and Ca := BaIt . We show that
Pic(Ba) ' Pic(Ca).
Let X := SpecA, Y := SpecBa, Z := SpecCa. The canonical morphisms
A → Ba and A → Ba → Ca induce continuous maps f : Y → X and
g : Z → X.
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We have the exact sequence of sheaves {0} → It→ F → G → {0} where
F is the sheaf defined over X by the ideal I, and for all open U ⊂ X we have
F(U) := O(f−1(U)), G(U) := O(g−1(U)).
It follows the following exact sequence of sheaves
{1} → 1 + It→ F× → G× → {0} (34)
where F×(U) := O(f−1(U))×, G×(U) := O(g−1(U))×.
Then (34) gives the long exact sequence of sheaves
{0} → 1 + It→ B×a → C×a →
→ H1(X, I)→ Pic(Ba)→ Pic(Ca)→ H2(X, I). (35)
As 1 + It ' I, we have H1(X, I) = H2(X, I) = {0} ([L] theorem 2.18, p.
186).
It follows from (35) that Pic(Ba) ' Pic(Ca).
2) We show the exact sequence
{1} → ρa(A)
×
ρa(A×)
→ Pic(Ca)→ Pic(A)2 → Pic( A
aA
),
where the map Pic(Ca)→ Pic(A)2 is induced by
u : Ba = A⊕ At→ A× A with u(α + βt) = (α, α + βt).
We have Keru = {βt | βa = 0} = It. So u induces an into homomorphism
v : Ca → A×A. So v induced a morphismOZ → OX×OX and so a morphism
O×Z → O×X ×O×X .
Let nowW := Spec( A
aA
); then the homomorphism (`,m)→ ρa(`)ρa(m−1)
induced a morphism O×X ×O×X → O×W . We have the exact sequence
{1} → O×Z → O×X ×O×X → O×W → {1}
from which we get the long exact sequence
{1} → C×a → A× × A× → (
A
aA
)× → Pic(Ca)→ Pic(A)2 → Pic( A
aA
). (36)
It induces an into homomorphism ρa(A)
×
ρa(A×) → PicCa.
It follows from (36) the exact sequence
{1} → ρa(A)
×
ρa(A×)
→ PicCa → Pic(A)2 → Pic( A
aA
).
3) It follows from 1) and 2) the exact sequence
{1} → ρa(A)
×
ρa(A×)
→ PicBa → Pic(A)2 → Pic( A
aA
). (37)
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If the groups ρa(A)
×
ρa(A×) and Pic(A) are torsion groups then (37) implies that
PicBa is also a torsion group.
Proposition 4.12. ([G], Corollary (2)) Let Z[T ] the ring of polynomials of
the variable T with coefficients in Z. Then there is a Dedekind domain A
with Z[T ] ⊂ A ⊂ Q[T ] such that for each maximal ideal M ⊂ A, the field A
M
is finite and the group A× is of finite type. Moreover the class group of A is
not a torsion group, i.e. Pic(A) is not a torsion group.
Proposition 4.13. Let A be the ring defined in 4.12. Then A is a good ring.
Let (a, b) ∈ A2 a primitive point, then the Picard group of OS(a,b)(S(a, b))
is not a torsion group.
Proof. 1) As A is a Dedekind domain and that for each maximal idealM ⊂ A,
the ring A
M
is finite, it follows that ρa(A) is finite for all a 6= 0 (proposition
4.2), and so ρa(A)
×
ρa(A×) is finite for all a 6= 0 and trivially
ρa(A)×
ρa(A×) = {1} if a = 0.
In particular A is a good ring.
2) We have OS(a,b)(S(a, b)) = Ba := A[T ]T (T−a)A[T ] = A⊕At (proposition 3.1,
part 1.).
It follows from proposition 4.11 the following exact sequence
{1} → ρa(A)
×
ρa(A×)
→ PicBa → Pic(A)2 → Pic( A
aA
). (38)
2.1) Let us assume that a 6= 0. It follows that A
aA
is finite and so
that Pic( A
aA
) is finite. Moreover as Pic(A) is not a torsion group it fol-
lows from (38) that Pic(Ba) is not a torsion group, i.e. the Picard group of
OS(a,b)(S(a, b)) is not a torsion group.
2.2) Let us assume that a = 0. This means that
OS(0,b)(S(0, b)) = B0 := A[T ]
T 2A[T ]
= A⊕ At with t2 = 0.
We show that Pic(A) ' Pic(B0).
Let X := SpecA, Y := SpecB0. From the exact sequence
{0} → tA→ B0 → B0
tB0
' A→ {0},
we get the following exact sequence of sheaves
1→ 1 + tA→ B×0 → A× → H1(X, 1 + tOX)→
→ Pic(B0)→ Pic(A)→ H2(X, 1 + tOX).
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As the sheaf tOX is coherent, H1(X, 1 + tOX) ' H1(X, tOX) = {0} and
H2(X, 1 + tOX) ' H2(X, tOX) = {0}.
It follows that Pic(A) ' Pic(B0) and so that the Picard group ofOS(S(0, b))
is not a torsion group.
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